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The statistical analysis on the distribution of the fracture behavior of various kinds of 
material are playing an essential part in improving the safety usage of the products in the 
real life. Isotactic polypropylene, the second widely used and indispensable crystalline 
polymer, is well known as its low price and outstanding elongation toughness. In this 
study, one primary strategy of this study is focusing on evaluating the facture behavior 
quantitatively rather than qualitatively by revealing the stochastic characteristics (which 
relate directly to the service performance of the material) of the fracture data under 
tension by mathematical methods. The fracture dates are obtained from the tensile 
conditions in which over one hundred tensile tests were performed for each position. 
What’s more, based on the discovery of the statistical characteristics and the linear 
relationship between the strength and the fracture time, conditional probability in which 
a material fractures under a fixed stress or time is calculated. According to the similarity 
of the equations of stochastic differential formula and fracture formula, Brown motion 
can be mathematically described by the statistical formula of the fracture time. For 
strength, the mean value is dependent on the gauge length, while the standard deviation 
value will be not. Toughness seems to be the intrinsic value, keeping constant to 
determine the fracture behavior. Moreover, fracture behavior affected by various intrinsic 
and extrinsic condition is also mentioned. Quasi-brittle fracture turns to be better 
described by the asymmetric Weibull distribution which implies different fracture 






2. Study content 
2.1 Statistical characteristics of tensile fracture distribution of isostatic polypropylene  
 
【Experiment】A commercial grade of iPP 
(Japan Polypropylene Corp.) with molecular 
weight (Mw)=3.9105 and molecular weight 
distribution index (Mw/Mn) = 5.0 was used. The            
iPP films were prepared by compression 
molding at 230C for 5 min, and then quenched 
in boiling water (100C) for 5 min. The 
crystallinity of the iPP sheets was estimated 
from density data to be 59±1 vol% and the 
lamellar periodicity of a sample specimen was 
found to be 16.3 nm using small-angle X-ray 
scattering (SAXS) data. A double-edged 
notched specimen with a gauge length and 
width of 4×4mm2, respectively, were cut from 
sample sheets of 200±20 μm thickness. The 
precise shape of the specimen is illustrated in 
Figure 1. The comparison of stress- stain curves 
for dumbbell shaped and double-edge-notched 
is shown in figure 2. The elongation speed was 
fixed at 15 mm min−1. The fracture data 
measuring the time to fracture and the stress at 
fracture (or tensile strength) were read out from 
the tensile load-time data. The stress value was 
determined by dividing the tensile load by the 
initial cross-section area. The toughness values were calculated from the total area up to the 
fracture points in the converted stress-strain curves in which the strain was calculated using the 
gauge length and the elongation speed. The physical meaning of toughness is the total energy 
required for the tensile fracture per original unit volume.  
 
【Results and discussion】The stress-elongation time curves were measured for more than 100 
specimens with a cross-head speed of 15 mm min−1; they are summarized in Figure 3. All curves 
showed a clear drop in the yield region, followed by stress-hardening before the ultimate fracture 
 
Figure 1. Schematic illustration of a rheo-
Raman spectroscopic system. 
 
Figure 2. Comparison of stress-strain curves 
under a strain rate of 0.025 s-1 for dumbbell 




without necking propagation, indicating that the use of the notched specimen provided the 
intrinsic break point. It is interesting to note that the time to (elongation at) fracture exhibited a 
wide scatter when compared with the reproducibility of the overall stress levels on these stress-
time curves. As a result, the stress at break varied considerably accompanied with the fluctuation 
of the stress level.  
Figure 4 shows the probability density function 
of the time and strength to fracture. The 
skewness of these statistical data given by the 
equation according to the equation (1) are both 
closed to 0, indicating a near symmetric 
probability data distribution like Gauss 
distribution. 
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Thus, the probability density function of 
fracture time and the strength can be expressed 
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It also can be got the linear relationship 
between the fracture time and strength from 
figure 3 as shown in equation (4), 
      𝜎 = 𝐺𝑝𝑡 + 𝜔𝑝               (4)   
where Gp is the stress-time curve slope in the 
hardening region and ωp is the intercept on the 
stress axis.  
By Bayesian's theorem [1] the conditional 
probability density function )( BBtp   for tB, 
conditioned on a given value for B, and 
)( BB tp   for B, conditioned on a given value 










Figure 3. Stress-time curves of iPP measured 
















Figure 4. Comparison of stress-strain curves 
under a strain rate of 0.025 s-1 for dumbbell 
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2.2 Mathematical analysis of tensile speed dependence of ductile fracture  
 
【Experiment】Similar specimen produce 
method as mentioned above are adopted. 
Double-edge-notched specimens with the 
gauge length of L0 = 2 mm and 4 mm, the same 
width of 4 mm and thickness of 200±20μm 
were cut from the films for tensile 
measurements. Uniaxial tensile tests were 
performed more than 100 times under each test 
condition at the tensile speed of from 15 
mm/min to 70 mm/min. 
 
【 Results and discussion 】 Figure 5 
exemplifies the distribution curves of the time 
to fracture for both specimens having gauge 
length of L0= 4 mm and 2 mm. The skewness 
values of the statistical data of time tB were 
almost around 0 (0±0.15), showing a near 
symmetric function. Therefore, the probability 
distribution data of the fracture time were all 
fitted well by a typical Gaussian distribution. 
The tensile speed dependences of the mean and 
standard deviation values of the fracture time 
are summarized in Figure 6. The mean values fall on the single line by plotting against L0/ν, which 
 
 
Figure 5. Probability-density functions of fracture 
time for iPP specimens with gauge lengths of (a) 
2mm and (b) 4mm. Symbols denote experimental 
data and solid curves are the best Gaussian fit. 
molecules connecting two (blue), three (green), 
and four (red) lamellar crystals. 
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is the reciprocal strain rate, whereas the standard 
deviation is proportional to 1/ν and is independent of 
the gauge length L0. Which can be written as the 
equations below (7) and (8): 
              t𝐹   = 𝜖0L0 ν⁄                (7)                                                          
                ∆t = δ0/v                 (8) 
According to the equation (7) and (8) and the Gauss 
distribution, Consequently, the probability-density 
function (PDF) of the fracture time can be written in 
terms of the quantityτ= L0/ν with a time dimension 
as: 







]      (9) 
Here, τ is termed the specific time, which is the 
inverse of nominal strain rate ν/L0. 
Let {T (τ)} be a stochastic process of fracture time tF 
∈ T (τ), with a collection of stochastic variables T (τ) 
with τ ∈ [ 0, Tf]. Thus, the fracture time is an element 
of the set {T (τ)} with a finite stopping time Tf and T 
(τ) =tF. If it is considered that the PDF of the fracture 
time results from diffusion with a drift component, Eq. 
9 is found to satisfy the following stochastic difference 
equation (SDE) for the variable T (τ) 
 dT (τ )  = ϵ0dτ +  √2α2 τ  dB (τ )         (10)             
where {B (τ), τ ≥ 0}is standard Brownian motion 
that is described as the continuous time limit of the 
random walk (Wiener process). Brownian motion is a 
continuous-time stochastic process and is nowhere 
differentiable with respect to time. 
Figure 7 summarizes the mean and variance of the 
experimental strength values for both sets of specimens. 
Figure 6.  (a) Mean fracture time vs. 
Figure 6. (a) Mean fracture time vs. L0/ν 
and (b) standard deviation vs.1/ν for iPP 
specimens with gauge lengths of 2 mm 
and 4mm. 
 
Fracture 7. Mean and standard deviation of 
fracture strength plotted against elongation 
speed for iPP specimens with gauge lengths 
of 2 mm and 4mm  
 
  
Figure 6. (a) Mean fracture time vs. L0/ν 
and (b) standard deviation vs.1/ν for iPP 
specimens with gauge lengths of 2 mm and 
4mm. 
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These data lead us to conclude that the strength is 
more sensitive to the gauge length than the tensile 
speed or strain rate and that a longer gauge length 
increases the fracture strength.  
The tensile toughness, which is the energy per 
volume required to fracture a specimen, is a 
measure of the ability of a material of withstand 
an applied load in the form of a tensile resistance. 
The mean value and the deviation of the fracture 
toughness are almost independent of the tensile 
speed despite the different gauge lengths as shown 
in Figure 8. This independency implies that the 
fracture toughness is an intrinsic characteristic and 
a criterion for fracture in the present tensile 
condition. Thus, when the stored energy in the 
materials under tension reaches a critical value, fracture occurs. Therefore, it is likely that the statistical 
fluctuation or uncertainty of the critical energy values leads to probabilistic characteristics of the 
fracture behavior of crystalline polymers. This is consistent with previous theoretical results [2] that 
the separation between adjacent aligned extended chains under tension occurs when their stored 
energy level reaches a finite value, and this leads to embryos for tensile fracture. 
 
 
2.3 Statistical analysis of the effects of intrinsic and extrinsic conditions on stochastic 
characteristics of fracture in iPP 
 
 
【Experiment】A commercial grade of iPP with molecular weight (Mw)=3.9×105 and 
molecular weight distribution index (Mw/Mn) =5.0 was used. The iPP sheets were prepared by 
compression molding at 2300C for 5 min, and quenched in boiling water (1000C) for 5 min. The 
crystallinity value was estimated from the density data. The crystallinity in volume fraction χv of the 
iPP sheets was of 59±1 vol%. The iPP sheets with the thicknesses of 100 μm, 200 μm, 400μm and 500 
μm were prepared. The fluctuation of the thickness was within ±20 μm. For comparison, iPP samples 
with crystallinities of 64±1 vol% and 70±1 vol% were prepared by annealing of 1200C for 3 hours and 
1500C for 3 hours, respectively. The spherulite radius values of sample specimens were in the range 
Fracture 8. Mean and standard deviation of 
fracture strength plotted against elongation 
speed for iPP specimens with gauge lengths 




of 8-15 μm estimated from small angle light scattering. The characteristic of the iPP sheet was 
summarized in Table 1. 
 
Table 1:  Structural characteristics of iPP sheets 
 Crystallinity/Vol% Thickness/ μm Long period /nm Tm / °C 
#1 59 100 16.3 162 
#2 59 200 16.3 162 
#3 59 400 16.3 162 
#4 59 500 16.3 162 
#5 64 200 18.7 162 
#6 70 200 22.4 162 
 
 
【 Results and discussion】The fracture time 
data at speed of 140 mm/min and 45 mm/min were 
symmetric and were fitted well by the typical Gaussian 
distribution in which the skewness values were around 
zero between 0.30 and -0.24 as in the case with the 
previous data measured at lower tensile speeds ranging 
from 15 to 70 mm/min. On the other hands, the 
asymmetric probability density distribution of fracture 
time of 170 mm/min lean to left with the skewness value 
of 1.39, and the solid curve is the best normalized Weibull 
fit and given by 
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where p(x) is the probability density function (PDF) of 
fracture time x, and φ  is scale parameter, and γ  is 
shape parameter. Thus, a transformation from Gaussian 
PDF to Weibull one may occur at a tensile speed 
between 140 mm/min to 170 mm/min. This 
transformation seems to be associated with the ductile-
to-brittle transition.  
 
Figure 10. Probability density distribution 
of the fracture strength at the tensile 
speeds of from 45 to170mm/min. Symbols 
denote the experimental data.  
Figure 9. Probability density distribution 
of the fracture time at the tensile speeds 
of170mm/min. Symbols denote the 
experimental data.  
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Figure 10 compare the probability density distribution of 
fracture strength data measured at the speeds of 45 
mm/min to 170 mm/min; and all the distribution of the 
fracture strength can be fitted well by the symmetric 
Gaussian distribution with the skewness around 0. The 
mean value of the fracture strength for the specimen tested 
at the tensile speeds of 45 mm/min to 170 mm/min are all 
almost 38 MPa. While, Standard deviation of the fracture 
strength are almost 2 MPa for the specimens tested at 
comparatively low tensile speeds of 45 mm/min to 70 
mm/min, but are bigger, almost 3.5 MPa for the specimens 
tested at high tensile speeds of 140 mm/min and 170 
mm/min.  
The probability density distributions of fracture time of the 
iPP specimens with the crystallinity of 59%, 64% and 70% 
stretched at the speed of 45 mm/min are summarized in 
figure 11. The stress-strain curves of the specimens with 
the crystallinity above all consist of yield and strain-
hardening part. The symmetric distribution of the fracture 
behavior of specimens with the crystallinity of 59% and 
64% are all almost overlapped, being fitted well by the 
Gaussian distribution, the ones with crystallinity of 70% 
lean to right with the skewness value of around -0.45, can 
be fitted well by Weibull distribution.  
Figure 12 summarizes the tensile fracture time probability 
density distributions of iPP specimens stretched at the 
speed of 45mm/min with the thickness of 100μm, 200μm, 
400μm and 500μm. The skewness value of scatter are -
0.298, -0.237, -0.384, -0.834 separately. Therefore, for the 
specimens with the thickness of from 100μm to 400μm, 
the fracture time data scatter are symmetric and can be fitted well by Gaussian distribution, While, for 
the thickest specimen, the fracture time distribution lean to right and characterized by Weibull 
distribution. The mean and standard deviation value of fracture time of all specimens almost maintain 
 
Figure 11. Probability density distribution 
of the fracture time at the tensile speeds of 
45mm/min with the crystallinity of 59%, 
64% and 70%. Symbols denote the 
experimental data. 
 
Figure 12. Probability density distribution 
of the fracture time with the thickness of 
100µm, 200µm, 400µm and 500µm.  
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In this study, statistical methods are utilized to describe the probability distribution of 
the fracture behavior (fracture time, strength and toughness). According to the 
quantitively statistical expression of the fracture time, fracture behavior can be predicted 
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